
Classical Electrodynamics I

* All quantities are expressed in terms of SI
units.

* Vectors are represented with right-pointing ar-
row notation above their names, as in v⃗.

1. [20%] Prove the mean value theorem: For
charge-free space the value of the electro-
static potential at any point is equal to the
average of the potential over the surface of
any sphere centered on that point.

2. A ring of radius a with uniform distribu-
tion of charge q is located on the z = b
plane and centered at (0, 0, b). The distance
from any point on the ring to the origin is
c =

√
a2 + b2. The potential possesses az-

imuthal symmetry, therefore V = V (r, θ).
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(a) [10%] Show that the potential on the
positive z axis is

V (r, 0) =
q

4πϵ0

∞∑
ℓ=0

rℓ<

rℓ+1
>

Pℓ (cosα)

where α = tan−1 a
b and r< (r>) is the

smaller (larger) of r and c.

(b) [10%] What is the potential V (r, θ) at
any point in space?

3. |

(a) [20%] For the volume integral of the
magnetostatic field B⃗ inside a sphere
of radius R, if all the current density
is contained within the sphere, prove
that ∫

r<R
B⃗d3x =

2µ0

3
m⃗,

where m⃗ is the total magnetic moment.

(b) [10%] The magnetic field at a point x⃗
away from the origin (x⃗ ̸= 0) due to a
point magnetic dipole m⃗ located at the
origin is given by

B⃗m⃗ (x⃗) =
µ0

4π

3 (n̂ · m⃗) n̂− m⃗

r3

where r = |x⃗| and n̂ = x⃗
r . Show

that the surface integral for B⃗m⃗ over a
spherical surface of radius R and cen-
tered at the origin vanishes. i.e.,∮

r=R
B⃗m⃗ (x⃗) da = 0

(c) [10%] What is the delta function con-
tribution that must be added to B⃗m for
the field of the magnetic dipole in or-
der to include the information of part
(a)?

4. The two homogeneous Maxwell equations

∇⃗ · B⃗ = 0 and ∇⃗ × E⃗ = −∂B⃗
∂t allow us

to define the vector potential A⃗ and scalar
potential Φ so that B⃗ = ∇⃗ × A⃗ and E⃗ =

−∇⃗Φ− ∂A⃗
∂t .

(a) [10%] The potentials A⃗ and Φ are not
uniquely defined. In fact, there is
a gauge freedom: we may transform(
A⃗,Φ

)
to

(
A⃗′,Φ′

)
without changing

E⃗ and B⃗. What is the gauge transfor-
mation?

(b) [10%] The Lorentz gauge is obtained
by imposing the condition

∇⃗ · A⃗+
1

c2
∂Φ

∂t
= 0.

What are the other two inhomogeneous
Maxwell equations written in terms of
the potentials in the Lorentz gauge?
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