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1 Prob.1

Consider the 2 dimensional harmonic oscillator,
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e The operators aL, aq, satisfy the commutation relations [aq, aE] = 0ag-

Please give the explicit expression of aL,aa in terms of zq,pg. (10
points)

e We define the vacuum as a,|0) = 0. Explain why ? (5 pts)

e Use the fact that [xz4,pg] = ihdp derive the vacuum wave function
1o(z) = (x]0). Please properly normalize (10 pts)

e Please derive the wave function for the the first excited states, how
many are there (5 pts)? How many states are there for the second
excited state (5 pts) ? The first and second excited states are defined
as the states with lowest and second lowest energy state after the
vacuum.

e Show that the operator CLLGB is a symmetry of the system. What is

the symmetry 7 (5 pts) (hint: SU(n))

e Define the state |1,) = aL|O>. Please compute (14|pg|0) and 25(1a|p%|0>
(5 pts). One is vanishing and the other not. Please use symmetry ar-
guments to explain why. (5 pts)

e The above symmetry is in fact the “same” as the three-dimensional
rotation group, where the generators Li, Lo, L3 satisfies [Lg, Ly] =
t€gpeLe. Please express the generators L, in terms of (aL, ag). (5 pts)



2 Prob.2

Consider a system composed of two spin—% particles that mutually interact
with each other and also interact with an external uniform magnetic field
B = —Bk. The Hamiltonian of the system is given by,

H=AS;-Sy+ B(Slz + SQZ) (2)

e Given commutation relation [S;, S;] = ih Zi:l €ijk Sk, we can define
the operators St = S, £1i5,. Please show that

[S.,S:] = +hSy, [S? S4]=0. (3)

(So that Sy raise / lower the z component of the spin by % while pre-
serving the total spin.) (10 pts)

¢ Find out what spin configurations of the system denote eigenstates of
the Hamiltonian. (For example, is it |+—) or something else?) Choose
one of the eigenstates and evaluate the energy expectation value. (10

pts)
3 Prob.3
Consider

alA) = AJA)

where a is the annihilation operator in the harmonic oscillator. This is
a coherent state. The solution is

A) = Exp(—|A]*/2) Ezp(ra')|0) (4)

where a' means the taking the adjoint of a, or equivalently, taking the
transpose and then complex conjugate of a. Here |0) is the vacuum, i.e.
al0)y =0

e Show that eq.(4) is indeed a solution. (10 pts )

e What is the expectation value for ”photon number” N = afa?. (5 pts

)
e Please compute the square of the position and momentum deviation:
(AX)? = (X?) - (X)?,
AP)? = (P%) —(P)%. (5)

(
for the coherent state (10 pts) Use this to explain what is special about
coherent states (5 pts)



4 Prob. 4

Consider the following state

p=5(H)+1-)), (6)
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e Explicitly write out the following 2 x 2 density matrix (2 pts)

1 1
1 3
p3 = gl (H+ (=) + DU+ () (7)
e One of these density matrix does not make any sense. Which one and
why? (4 pts)

e Compute the von Neumann entropy (—ktrplnp) for the remaining
two. What is the maximal possible value for such two state system?

(4 pts)



